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1. Introduction
In this paper, we study the decompositions of the loop spaces Ω(X ∨ Y ∨ Z) by using combinatorial methods and give
some special decompositions of the spaces Ω(X ∨ Y ∨ Z).
In order to state our main results, we shall require some preliminaries.
Deﬁnition 1.1. Let X , Y and Z be pointed spaces (sets) with base points x0, y0 and z0. The -product of X , Y and Z is
deﬁned as the coﬁber of
i : X ∨ Y ∨ Z −→ X × Y × Z;
that is, we set XYZ = (X × Y × Z)/(X ∨ Y ∨ Z). For x ∈ X , y ∈ Y , z ∈ Z , let x y  z be the image of (x, y, z) under the
natural quotient map X × Y × Z −→ XYZ . Then x0  y0  z0 is the base point of XYZ .
If one of X , Y and Z is a single point set, then -product of X , Y and Z become the familiar smash product of the other
two spaces (sets).
For a pointed space X , let Σ X denote its suspension space and let Ω X denote its loop space. With these preparations,
our results as follows.
Theorem 1.2. Let X , Y and Z be path-connected CW-complexes with base vertices, W1 = Ω XΩYΩ Z and W2 = Ω X ∧
ΩY ∧ Ω Z . Then there is a natural weak equivalence of spaces
Ω(X ∨ Y ∨ Z)  Ω X × ΩY × Ω Z × ΩΣ(W1 ∨ W2).
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Ω(X ∨ Y )  Ω X × ΩY × ΩΣ(Ω X ∧ ΩY ).
Theorem 1.4. Let X , Y and Z be path-connected CW-complexes with base vertices, W1 = Ω XΩYΩ Z and W2 = Ω X ∧
ΩY ∧ Ω Z . Then there is a natural weak equivalence of spaces
Ω(X ∨ Y ∨ Z)  Ω X × ΩY × Ω Z × ΩΣW1 × ΩΣW2 × ΩΣ(ΩΣW1 ∧ ΩΣW2).
Corollary 1.5. Let X , Y be path-connected CW-complexes with base vertices, W1 = ΩΣ XΩΣYΩΣ(X ∧ Y ) and W2 = ΩΣ X ∧
ΩΣY ∧ ΩΣ(X ∧ Y ). Then there is a natural weak equivalence of spaces
ΩΣ(X × Y )  ΩΣ X × ΩΣY × ΩΣ(X ∧ Y ) × ΩΣW1 × ΩΣW2 × ΩΣ(ΩΣW1 ∧ ΩΣW2).
The tool for proving Theorems 1.2 and 1.4 is combinatorial. That is, we are working with Kan construction of simplicial
sets and we know that Kan construction of a simplicial set is a simplicial free group, hence we need to mention some
combinatorial group theory ﬁrst. We organize this article as follows. In Section 2 we introduce groups R(
∐
α∈ J Gα). A free
system of generators for R(G1 ∗ G2 ∗ G3) will be given in this section. In Section 3 we give some combinatorial calculations
for the free product of simplicial free groups and give the proofs of Theorem 1.2, Theorem 1.4 and Corollary 1.5.
2. The groups R(
∐
α∈ J Gα)
In this section we consider certain subgroup R(
∐
α∈ J Gα) of the group
∐
α∈ J Gα . A free system of generators for group
R(G1 ∗ G2 ∗ G3) will be given in this section by straightforward calculations.
By
∐
α∈ J Gα (
∏
α∈ J Gα ), we denote the free product (direct product) of groups Gα , α ∈ J . In the case of ﬁnite number
factors we write G1 ∗ G2 ∗ · · · ∗ Gn (G1 × G2 × · · · × Gn). We know that the direct product ∏α∈ J Gα is the quotient group
of the free product
∐
α∈ J Gα modulo the relations gα gβ = gβ gα for gα ∈ Gα , gβ ∈ Gβ and α 	= β . Thus there is a natural
quotient homomorphism
q :
∐
α∈ J
Gα −→
∏
α∈ J
Gα.
For example, we consider the case of two factors. By group theory (see [6]) the elements in G = G1 ∗ G2 are given by the
words in the form
g1h2 · · · gnhn
with gi ∈ G1 and hi ∈ G2. Then the nature quotient homomorphism
q : G1 ∗ G2 −→ G1 × G2
is given by
q(g1h2 · · · gnhn) = (g1 · · · gn, h1 · · ·hn).
By R(
∐
α∈ J Gα) we denote the kernel of the nature quotient homomorphism q. That is
R
(∐
α∈ J
Gα
)
= ker
(
q :
∐
α∈ J
Gα −→
∏
α∈ J
Gα
)
.
Then by the deﬁnition of q, R(
∐
α∈ J Gα) is the least normal subgroup that contains all commutators of the form [gα, gβ ] =
gα gβ g−1α g−1β , where gα ∈ Gα , gβ ∈ Gβ , α,β ∈ J , and α 	= β .
For R(
∐
α∈ J Gα), by the classical Kurosh Subgroup Theorem (see [6]), we have:
Lemma 2.1. ([2]) R(
∐
α∈ J Gα) is a free group.
But Lemma 2.1 does not provide us with a convenient way of thinking about generators of R(
∐
α∈ J Gα). Now we will
give a free system of generators for free group R(G1 ∗ G2 ∗ G3) by straightforward calculations. First, we give some notations
and remarks.
Let G be a group and X be a subset of G . By 〈X〉 we denote the subgroup generated by X .
Let X be a set. By F (X) we denote the free group generated by X . In this case, we call X is a free system of generators
for free group F (X).
W. Weng, W. Shen / Topology and its Applications 156 (2009) 2167–2174 2169Lemma 2.2. ([5]) Let G be a group and X be a subset of G such that X ∩ X−1 = ∅, where X−1 is the set of inverse elements of X . Then
〈X〉 = F (X) if and only if no product
w = x11 · · · xnn
is trivial, where xi ∈ X, i = ±1 and all xii xi+1i+1 	= 1.
Our calculations as follows.
Lemma 2.3. Let G1 , G2 and G3 be groups. Let S be the subset of G1 ∗ G2 ∗ G3 which consist of the following elements:
xix jx
−1
i x
−1
j , 1 	= xi ∈ Gi, 1 	= x j ∈ G j, 1 i < j  3; (2.1)
x1x2x3x
−1
1 x
−1
2 x
−1
3 , 1 	= x1 ∈ G1, 1 	= x2 ∈ G2, 1 	= x3 ∈ G3; (2.2)
x2x3x1x
−1
2 x
−1
3 x
−1
1 , 1 	= x1 ∈ G1, 1 	= x2 ∈ G2, 1 	= x3 ∈ G3. (2.3)
Then 〈S〉 = F (S) and S is a free system of generators for free group 〈S〉.
Proof. Let S−1 = {s−1 | s ∈ S}. Then by the construction of S and S−1 we can see that S ∩ S−1 = ∅.
Since not too much cancellation can occur, any product
w = s11 · · · snn
is not trivial, where si ∈ S , i = ±1 and all sii si+1i+1 	= 1.
Hence, by Lemma 2.3, the assertion follows. 
Lemma 2.4. Let S be the subset of G1 ∗ G2 ∗ G3 in Lemma 2.3. Then 〈S〉 is a normal subgroup of G1 ∗ G2 ∗ G3 .
Proof. By the deﬁnition of 〈S〉, we need only check that the following conditions hold for any element w in G1 ∗ G2 ∗ G3.
(a1) w · xix jx−1i x−1j · w−1 ∈ 〈S〉, where 1 	= xi ∈ Gi, 1 	= x j ∈ G j, 1 i < j  3;
(b1) w · x1x2x3x−11 x−12 x−13 · w−1 ∈ 〈S〉, where 1 	= x1 ∈ G1, 1 	= x2 ∈ G2, 1 	= x3 ∈ G3;
(c1) w · x2x3x1x−12 x−13 x−11 · w−1 ∈ 〈S〉, where 1 	= x1 ∈ G1, 1 	= x2 ∈ G2, 1 	= x3 ∈ G3.
Let w be an element in G1 ∗ G2 ∗ G3, we break our proof into following two steps.
Step 1. If w is the unit element 1 in G1 ∗ G2 ∗ G3, then the conditions (a1), (b1), (c1) hold.
Step 2. If w is not the unit element 1 in G1 ∗ G2 ∗ G3, then w ∈ G1 ∗ G2 ∗ G3 can be unique represented in the form
w = g1g2 · · · gn,
where gi ∈ G ji is not the unit element 1 in the group G ji , and ji 	= ji+1, ji ∈ {1,2,3}. Now we show that the conditions
(a1), (b1), (c1) hold for this case.
If n = 1, that is w = g1, where 1 	= g1 ∈ G j1 .
For (a1), we only consider the case g1 · x2x3x−12 x−13 · g−11 , other cases are similar.
Since g1 · x2x3x−12 x−13 · g−11 has 3 possibilities:
(a2) g1 · x2x3x−12 x−13 · g−11 = (g1x2)x3(g1x2)−1x−13 · x3g1x−13 g−11 , if g1 ∈ G2;
(b2) g1 · x2x3x−12 x−13 · g−11 = g1x2g−11 x−12 · x2(g1x3)x−12 (g1x3)−1, if g1 ∈ G3;
(c2) g1 · x2x3x−12 x−13 · g−11 = g1x2g−11 x−12 · x2g1x3x−12 g−11 x−13 · x3g1x−13 g−11 , if g1 ∈ G1;
and
x2g1x3x
−1
2 g
−1
1 x
−1
3 = x2g1x−12 g−11 · g1x2x3g−11 x−12 x−13 · x3x2x−13 x−12 · x2x3g1x−12 x−13 g−11 · g1x3g−11 x−13 ∈ 〈S〉,
we have g1 · x2x3x−12 x−13 · g−11 ∈ 〈S〉.
For (b1), g1 · x1x2x3x−11 x−12 x−13 · g−11 has 3 possibilities:
(a3) (g1x1)x2x3(g1x1)
−1x−12 x
−1
3 · x3x2g1x−13 x−12 g−11 · g1x2x3g−11 x−12 x−13 · x3x2x−13 x−12 · x2x3g1x−12 x−13 g−11 ,
if g1 ∈ G1;
(b3) g1x1g
−1
1 x
−1
1 · x1(g1x2)x3x−11 (g1x2)−1x−13 · x3g1x−13 g−11 , if g1 ∈ G2;
(c3)
(
g1 ·
(
x1x2x
−1x−1
) · g−1) · g1x2x1g−1x−1x−1 · x1x2(g1x3)x−1x−1(g1x3)−1, if g1 ∈ G3.1 2 1 1 2 1 1 2
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g1 · x1x2x3x−11 x−12 x−13 · g−11 ∈ 〈S〉.
For (c1), it is similar to (b1). Thus, the conditions (a1), (b1), (c1) hold, when n = 1.
If n > 1 the assertion follows by induction on n as follows:
w · xix jx−1i x−1j · w−1 = (g1g2 · · · gn−1) ·
(
gn ·
(
xix jx
−1
i x
−1
j
) · g−1n ) · (g1g2 · · · gn−1)−1,
w · x1x2x3x−11 x−12 x−13 · w−1 = (g1g2 · · · gn−1) ·
(
gn ·
(
x1x2x3x
−1
1 x
−1
2 x
−1
3
) · g−1n ) · (g1g2 · · · gn−1)−1,
w · x2x3x1x−12 x−13 x−11 · w−1 = (g1g2 · · · gn−1) ·
(
gn ·
(
x2x3x1x
−1
2 x
−1
3 x
−1
1
) · g−1n ) · (g1g2 · · · gn−1)−1.
By induction, (a1), (b1), (c1) hold and 〈S〉 is a normal subgroup of G1 ∗ G2 ∗ G3. 
Proposition 2.5. Let S be the subset of G1 ∗ G2 ∗ G3 in Lemma 2.3. Then
R(G1 ∗ G2 ∗ G3) = F (S)
and S is a free system of generators for free group R(G1 ∗ G2 ∗ G3).
Proof. By Lemma 2.3, we need only show that 〈S〉 = R(G1 ∗ G2 ∗ G3).
Step 1. 〈S〉 ⊆ R(G1 ∗ G2 ∗ G3).
Since the images of the elements of S under the quotient homomorphism q are unit element 1 of G1 ∗G2 ∗G3, q(〈S〉) = 1.
Hence, 〈S〉 ⊆ R(G1 ∗ G2 ∗ G3).
Step 2. R(G1 ∗ G2 ∗ G3) ⊆ 〈S〉.
Since [xi, x j] = [x j, xi]−1, 〈S〉 contains all commutators of form [xi, x j] = xix jx−1i x−1j , where xi ∈ Gi , x j ∈ G j , i, j ∈
{1,2,3} and i 	= j. Note that R(G1 ∗ G2 ∗ G3) is the least normal subgroup of G1 ∗ G2 ∗ G3 that contains all commuta-
tors of form [xi, x j], where xi ∈ Gi , x j ∈ G j , i 	= j, i, j ∈ {1,2,3} and i 	= j. By Lemma 2.4 〈S〉 is a normal subgroup, then
R(G1 ∗ G2 ∗ G3) ⊆ 〈S〉, and hence the result. 
Corollary 2.6. ([6]) Let [G1,G2] be the set of all commutators of the form [g,h] = ghg−1h−1 , where 1 	= g ∈ G1 , 1 	= h ∈ G2 . Then
R(G1 ∗ G2) = F ([G1,G2]).
Notice 2.7. Let X be a pointed set with base point ∗. By F [X] we denote the free group generated by X with the single
relation ∗ = 1. That is F [X] ∼= F (X\{∗}). The correct language to describe the listed elements in Lemma 2.3 are -product
and smash product. Regarding Gi as a pointed sets and taking the unit element 1 of Gi as the base point of Gi . Recall that
G1G2G3 = (G1 × G2 × G3)/
(
G1 × {1} × {1} ∪ {1} × {1} × G3 ∪ {1} × G2 × {1}
)
and
G1 ∧ G2 ∧ G3 = (G1 × G2 × G3)/
(
G1 × G2 × {1} ∪ G1 × {1} × G3 ∪ {1} × G2 × G3
)
.
Then by using the notions of -product and smash product, Proposition 2.5 states that
R(G1 ∗ G2 ∗ G3) ∼= F
[
(G1G2G3) ∨ (G1 ∧ G2 ∧ G3)
]
under the identiﬁcation
h
(
x1x2x
−1
1 x
−1
2
)= x1  x2  1, h(x2x3x−12 x−13 )= 1 x2  x3, h(x1x3x−11 x−13 )= x1  1 x3,
h
(
x1x2x3x
−1
1 x
−1
2 x
−1
3
)= x1  x2  x3, h(x2x3x1x−12 x−13 x−11 )= x2 ∧ x3 ∧ x1.
3. Combinatorial calculations
In this section we give some combinatorial calculations for free product of simplicial free groups. The proofs of Theo-
rem 1.2, Theorem 1.4 and Corollary 1.5 also will be given in this section.
Note that the notions of direct product and free product carry over to simplicial groups by applying them dimension-
wise. Let Gα , α ∈ J be simplicial groups. Then there exists a nature simplicial homomorphism
q :
∐
α∈ J
Gα −→
∏
α∈ J
Gα
which is deﬁned by
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∐
α∈ J
(Gα)n −→
∏
α∈ J
(Gα)n
for n 0, where each qn is the nature group homomorphism described in Section 2. By R(
∐
α∈ J Gα) we denote the simplicial
subgroup of
∐
α∈ J Gα which is deﬁned by(
R
(∐
α∈ J
Gα
))
n
= R
(∐
α∈ J
(Gα)n
)
.
Recall that a reduced simplicial free group G means that G is a simplicial free group such that G0 = {1}. The calculation
for free product of simplicial groups now gives the following result.
Proposition 3.1. Let A1 , A2 , A3 be reduced simplicial free groups. Then there is an isomorphism of simplicial sets
A1 ∗ A2 ∗ A3 ∼= A1 × A2 × A3 × R(A1 ∗ A2 ∗ A3).
Proof. Let us return to the case of the groups. Let G1, G2, G3 be groups. Notice that
R(G1 ∗ G2 ∗ G3) = ker(q : G1 ∗ G2 ∗ G3 −→ G1 × G2 × G3)
and so there is a group extension
R(G1 ∗ G2 ∗ G3) ↪→ G1 ∗ G2 ∗ G3 q−→ G1 × G2 × G3.
We construct a retraction H : G1 ∗ G2 ∗ G3 −→ R(G1 ∗ G2 ∗ G3) as follows. Let θk be the group homomorphisms given by
the composites:
θk = jk ◦ pk ◦ q : G1 ∗ G2 ∗ G3 q−→ G1 × G2 × G3 pk−→ Gk ↪→ G1 ∗ G2 ∗ G3,
where pk : G1 × G2 × G3 −→ Gk is the projections, and jk : Gk ↪→ G1 ∗ G2 ∗ G3 the inclusions for k = 1,2,3. Deﬁne
H(w) = w · θ1(w)−1 · θ2(w)−1 · θ3(w)−1, ∀w ∈ G1 ∗ G2 ∗ G3.
Let w ∈ R(G1 ∗ G2 ∗ G3). Then we have θi(w) = 1, i = 1,2,3, and H(w) = w .
Let Φ be a function from G1 ∗ G2 ∗ G3 to G1 × G2 × G3 × R(G1 ∗ G2 ∗ G3) deﬁned by
Φ(w) = (q(w), H(w)).
Let Ψ be a function from G1 × G2 × G3 × R(G1 ∗ G2 ∗ G3) to G1 ∗ G2 ∗ G3 deﬁned by
Ψ (x,w ′) = w ′ · θ3(w ′′) · θ2(w ′′) · θ1(w ′′) = w ′ · H(w ′′)−1 · w ′′,
where (x,w ′) ∈ (G1 × G2 × G3) × R(G1 ∗ G2 ∗ G3) and q(w ′′) = x ∈ G1 × G2 × G3.
By straightforward calculations, we can see that Ψ is well deﬁned and
Φ ◦ Ψ = 1, Ψ ◦ Φ = 1.
Thus, Φ is a bijection.
Next the function H : G1 ∗ G2 ∗ G3 −→ R(G1 ∗ G2 ∗ G3) is natural with respect to Gk . More precisely, for any group
homomorphisms fk : Gk −→ G ′k , there is a commutative diagram
G1 ∗ G2 ∗ G3 H
f1∗ f2∗ f3
R(G1 ∗ G2 ∗ G3)
f1∗ f2∗ f3
G ′1 ∗ G ′2 ∗ G ′3 H R(G ′1 ∗ G ′2 ∗ G ′3)
Since H(w) = 1(w)θ1(w)−1θ2(w)−1θ3(w)−1 is given by the product of the four group homomorphisms 1G1∗G2∗G3
and θk , k = 1,2,3, where each one is natural with respect to Gk .
Now, we consider the simplicial free groups case. Let A1, A2, A3 be simplicial free groups. From the above, the sequence
of functions Hn : (A1 ∗ A2 ∗ A3)n −→ (R(A1 ∗ A2 ∗ A3))n form a simplicial map
H : A1 ∗ A2 ∗ A3 −→ R(A1 ∗ A2 ∗ A3).
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Φn : (A1 ∗ A2 ∗ A3)n −→ (A1)n × (A2)n × (A3)n ×
(
R(A1 ∗ A2 ∗ A3)
)
n
form a simplicial map
Φ : A1 ∗ A2 ∗ A3 −→ A1 × A2 × A3 × R(A1 ∗ A2 ∗ A3).
Since each Φn is bijective, the simplicial map Φ is an isomorphism of simplicial sets and hence the result follows. 
By inspecting the proof of Proposition 3.1, we have a slight generalization.
Proposition 3.2. Let Aα , α ∈ J be simplicial groups. Then there is an isomorphism of simplicial sets
∐
α∈ J
Aα ∼=
∏
α∈ J
Aα × R
(∐
α∈ J
Aα
)
.
Deﬁnition 3.3 (Milnor construction [8]). Let K be a pointed simplicial set. The Milnor construction of K denoted F [K ] is a
simplicial free group deﬁned by
(1) The group F [K ]n = F [Kn] is the free group generated by Kn subject to the single relation that the base point ∗ = 1 for
each n 0.
(2) The faces di : F [Kn] −→ F [Kn−1] is the group homomorphisms induced by di : Kn −→ Kn−1 and the degeneracies
si : F [Kn] −→ F [Kn+1] is the group homomorphisms induced by si : Kn −→ Kn+1.
The correct language to describe the simplicial subgroup R(A1 ∗ A2 ∗ A3) in Proposition 3.1 is the Milnor construction.
Recall that
(
R(A1 ∗ A2 ∗ A3)
)
n = R
(
(A1)n ∗ (A2)n ∗ (A3)n
)
.
By Proposition 2.5 and Notice 2.7, there is a nature group isomorphism
R
(
(A1)n ∗ (A2)n ∗ (A3)n
)∼= F [((A1)n(A2)n(A3)n)∨ ((A1)n ∧ (A2)n ∧ (A3)n)].
Then by using the notion of Milnor construction, Proposition 3.1 states that
A1 ∗ A2 ∗ A3 ∼= A1 × A2 × A3 × F
[
(A1A2A3) ∨ (A1 ∧ A2 ∧ A3)
]
.
We write above result as follows.
Lemma 3.4. Let A1 , A2 , A3 be reduced simplicial free groups. Then there is an isomorphism of simplicial sets
A1 ∗ A2 ∗ A3 ∼= A1 × A2 × A3 × F
[
(A1A2A3) ∨ (A1 ∧ A2 ∧ A3)
]
.
Corollary 3.5. Let A1 and A2 be simplicial free groups. Then there is an isomorphism of simplicial sets
A1 ∗ A2 ∼= A1 × A2 × F [A1 ∧ A2].
Corollary 3.6. Let A1 , A2 and A3 be simplicial free groups. Then there is an isomorphism of simplicial sets
A1 ∗ A2 ∗ A3 ∼= A1 × A2 × A3 × F [A1A2A3] × F [A1 ∧ A2 ∧ A3] × F
[
F [A1A2A3] ∧ F [A1 ∧ A2 ∧ A3]
]
.
Proof. Let K and L be simplicial pointed sets. Then by Deﬁnition 3.3,
F [K ∨ L] ∼= F [K ] ∗ F [L].
Thus by Lemma 3.4 and Corollary 3.5, we have
A1 ∗ A2 ∗ A3 ∼= A1 × A2 × A3 × F
[
(A1A2A3) ∨ (A1 ∧ A2 ∧ A3)
]
∼= A1 × A2 × A3 ×
(
F [A1A2A3] ∗ F [A1 ∧ A2 ∧ A3]
)
∼= A1 × A2 × A3 × F [A1A2A3] × F [A1 ∧ A2 ∧ A3]
× F [F [A1A2A3] ∧ F [A1 ∧ A2 ∧ A3]]. 
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(1) (GK )n is a group which has one generator x¯ for every x ∈ Kn+1 and one relation
s0x = 1 for every x ∈ Kn.
(2) The face degeneracy operators are given by
d0x¯ = d1x · (d0x )−1,
di x¯ = di+1x for i > 0,
si x¯ = si+1x.
Let X be a simplicial set and let |X | denote its geometric realization. The main result of Kan’s construction is the
following lemma.
Lemma 3.8. ([1]) Let K be a reduced simplicial set. Then the geometric realization
|GK |  Ω|K |.
By E.B. Curtis [1], Proposition 4.15, F [K ] ∼= G(ΣK ), where ΣK is the reduced suspension of pointed simplicial set K .
Thus we have:
Lemma 3.9. ([8]) Let K be a pointed simplicial set. Then
∣∣F [K ]∣∣ ΩΣ |K |.
The following lemma is due to D.M. Kan.
Lemma 3.10. ([4]) Let A, B be reduced simplicial sets and K = A ∨ B. Then GK is the free product of G A and GB, that is
GK = GA ∗ GB.
Now we can give decompositions of the loop space of a triple.
Theorem 3.11. Let X , Y and Z be path-connected CW-complexes with base vertices, W1 = Ω XΩYΩ Z and W2 = Ω X ∧
ΩY ∧ Ω Z . Then there is a natural weak equivalence of spaces
Ω(X ∨ Y ∨ Z)  Ω X × ΩY × Ω Z × ΩΣ(W1 ∨ W2).
Proof. Let K1, K2 and K3 be reduced simplicial sets such that
|K1|  X, |K2|  Y , |K3|  Z .
Then by Lemmas 3.8, 3.10, 3.4 and 3.9,
Ω(X ∨ Y ∨ Z)  ∣∣G(K1 ∨ K2 ∨ K3)∣∣
 ∣∣GK1 ∗ GK2 ∗ GK3∣∣
∼= ∣∣GK1 × GK2 × GK3 × F [(GK1GK2GK3) ∨ (GK1 ∧ GK2 ∧ GK3)]∣∣
 Ω X × ΩY × Ω Z × ΩΣ((Ω XΩYΩ Z) ∨ (Ω X ∧ ΩY ∧ Ω Z))
= Ω X × ΩY × Ω Z × ΩΣ(W1 ∨ W2). 
Corollary 3.12. Let X , Y be path-connected CW-complexes with base vertices. Then there is a natural weak equivalence of spaces
Ω(X ∨ Y )  Ω X × ΩY × ΩΣ(Ω X ∧ ΩY ).
The proof of the following theorem is similar to that of Theorem 3.11 using Corollary 3.6.
2174 W. Weng, W. Shen / Topology and its Applications 156 (2009) 2167–2174Theorem 3.13. Let X , Y and Z be path-connected CW-complexes with base vertices, W1 = Ω XΩYΩ Z and W2 = Ω X ∧
ΩY ∧ Ω Z . Then there is a natural weak equivalence of spaces
Ω(X ∨ Y ∨ Z)  Ω X × ΩY × Ω Z × ΩΣW1 × ΩΣW2 × ΩΣ(ΩΣW1 ∧ ΩΣW2).
Corollary 3.14. Let X , Y be path-connected CW-complexes with base vertices, W1 = ΩΣ XΩΣYΩΣ(X ∧Y ) and W2 = ΩΣ X ∧
ΩΣY ∧ ΩΣ(X ∧ Y ). Then there is a natural weak equivalence of spaces
ΩΣ(X × Y )  ΩΣ X × ΩΣY × ΩΣ(X ∧ Y ) × ΩΣW1 × ΩΣW2 × ΩΣ(ΩΣW1 ∧ ΩΣW2).
Proof. By Hatcher [3], Proposition 4I.1, there is a classical decomposition of Σ(X × Y ) as follows
Σ(X × Y )  Σ X ∨ ΣY ∨ Σ(X ∧ Y ).
Then by Theorem 3.13, the assertion holds. 
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